A fractal model that represents the geometric characteristics of rock fracture networks is 23 proposed to link the fractal characteristics with the equivalent permeability of the fracture networks. 24 The fracture networks are generated using the Monte Carlo method and have a power law size 25 distribution. The fractal dimension DT is utilized to represent the tortuosity of the fluid flow, and 26 another fractal dimension Df is utilized to represent the geometric distribution of fractures in the 27 networks. The results indicate that the equivalent permeability of a fracture network can be 28 significantly influenced by the tortuosity of the fluid flow, the aperture of the fractures and a 29 random number used to generate the fractal length distribution of the fractures in the network. The 30 correlation of fracture number and fracture length agrees well with the results of previous studies, 31 and the calculated fractal dimensions Df are consistent with their theoretical values, which confirms 32 the reliability of the proposed fractal length distribution and the stochastically generated fracture 33 network models. The optimal hydraulic path can be identified in the longer fractures along the fluid 34 flow direction. Using the proposed fractal model, a mathematical expression between the equivalent 35 permeability K and the fractal dimension Df is proposed for models with large values of Df. The 36 differences in the calculated flow volumes between the models that consider and those that do not 37 consider the influence of fluid flow tortuosity are as high as 17.64% -19.51%, which emphasizes 38 that the effects of tortuosity should not be neglected and should be included in the fractal model to 39 accurately estimate the hydraulic behavior of fracture networks. 40 41 2 43 44 3
Introduction
where N' is the total number of islands with an area A' greater than a constant a' and D is the fractal dimension 73 that represents the size distribution of the islands. where N is the total number of fractures with a length L greater than a constant fracture length l; Df is in the range 84 of [1, 2] for 2-D fracture networks; and lmax is the maximum trace length of fractures in a rock mass. Previous studies of fracture sizes from centimeters to meters at different sites have found that the aperture 117 and the trace length of fractures have positive linear correlations [30] [31] or power law correlations [32] [33] . 118
Longer fractures usually have higher permeabilities and larger apertures than shorter fractures. In this study, 119 assuming that the DFN models are composed of a large number of small fractures with small hydraulic apertures 120 and a much smaller number of longer fractures with larger apertures, the trace lengths of the fractures are 121 randomly generated according to Eq. (11) and are correlated with the fracture aperture as follows [4, 34] : 122 where erfinv is the inverse error function. 130 with flat surfaces (parallel plate model), where lt = l. The tortuosity is defined as a parameter to depict the ratio of 135 lt to l, in order to describe their difference induced by fracture surface roughness in 2-D rock fractures [36] . The 136 correlation of the tortuous length lt and the straight length l of fractures is also considered to be analogous to that 137 of pores in porous media [10, 37] , as expressed by 
where q(i) is the fluid volume through the ith fracture, i P ∆ is the local hydraulic pressure difference applied 151 between the tips of the fracture, and µ is the viscosity of the fluid. fracture networks, the fracture elements outside the model, the isolated fracture elements, and the "dead-end" 163 fracture elements do not contribute to the fluid flow and should therefore be deleted. Second, parameters (i.e., 164 trace length, hydraulic aperture, and orientation) should be assigned to each fracture, and the mass continuity 165 equations at each fracture intersection should be established. The third aspect addresses the iteration scheme of 166 these equations for given boundary conditions. Steady-state fluid flow was adopted in this study for calculating 167 the equivalent permeability of DFNs, and a generic hydraulic boundary condition with a constant hydraulic 168 gradient in the x-direction was assumed, indicating that the directivity of the equivalent permeability is horizontal In a 2-D fracture network, fractures are line segments, and fracture intersection points are denoted as nodes. 171
The summation of the flow rate of each fracture connected to a node is zero or equals the added source term. 172
Similarly, the summation of the total flow rate of the entire fracture network equals zero or the summation of the 173 source terms added at each node. 
where qn is the fluid volume through the fracture element n, M is the total number of fracture elements connected 178 to node m, Qm is a source term at node m, and Nnode is the total number of nodes in the entire fracture network. 179
Generally, under steady-state flow without any source terms, Qm = 0 and M ≤ 4 (two fractures intersect at one 180 node) given that the probability that more than two fractures intersect at the same node is nearly zero. Steady-state 181 flow was assumed; therefore, the fluid volume that flows into a fracture network is equal to that flowing out of the 182 network. The fluid rate at the outlet boundary was then utilized to estimate the equivalent permeability of the DFN 183 model. 184
Using Darcy's law as shown in Eq. (19), the equivalent permeability K is obtained in Eq. (20): 185 
where a'', b'', and c'' are three regression parameters equal to 0.4594, 0.2797 and 8.4968, respectively. 222
According to the definition of the mass density of fractures, dm can be expressed as follows: 223
where Lt is the theoretical model length. 225
Substituting Eq. (22) into Eq. (21), Lt can be calculated as follows: 226
Using the calculated value of Lt in Eq. (23), the number density of fractures dn, which defines the total 228 number of fractures in a given area of the fracture network, is obtained as follows: Table 2 . 238
Validity of the fractal length distribution 239
The length of each fracture was generated using Eq. (11) until the index i reached Nt' for different fractal 240 dimensions Df from 1.3 to 1.8 (Table 2) . Higher values of the fractal dimension Df lead to higher probabilities of 241 generating longer fractures. The fracture number n(l, 0.5) represents the number of fractures with lengths in the 242 range of (l -0.5, l + 0.5). Fig. 4 and Table 3 show the statistical results of the relation between fracture length and 243 fracture number using the parameters shown in Table 2 . For each Df, three sets of random number seeds were 244 utilized to generate different fracture length distributions using Eq. (11). Each fracture length-fracture number 245 curve was fitted using a power law function in the form of 246
where n(l, 0.5) is the number of fractures with lengths in the range of (l -0.5, l + 0.5), α is the coefficient of 248 proportionality, and a is the power law exponent. 249
With increasing Df, more fractures with relatively long lengths appear, and the length of the longest fracture 250 increases, as shown in Fig. 4 . Table 3 
Fractal evaluation methods
The stochastic DFN modeling technique was utilized to generate and characterize fracture networks. 263
Measuring length density is difficult because each model contains a large number of fractures. The geometric 264 distribution of rock fractures in a fracture network has fractal characteristics [25] . Therefore, the fractal dimension 265 may serve as an effective approach for assessing the geometric characteristics of rock fractures. 266
Because it is a simple and precise approach, the box-counting method was used and improved in this study to 267 calculate the fractal dimensions of the DFN models. First, the original image was converted to monochrome ( 
Influences of Df and DT on the equivalent permeability
As shown in Eq. (16), the proposed model includes a random number Ri that introduces randomness to the 302 fracture networks. Ten random numbers corresponding to each fractal dimension Df were generated and applied to 303 the DFN modeling. The relation between the equivalent permeability K and the value of Df calculated utilizing 304 these random numbers is shown in Fig. 9 . Due to the randomness of the trace length and the location and 305 orientation of rock fractures induced by the random numbers, DFN models with the same Df value can have large 306 differences in their geometric distributions, which results in variations in the calculated equivalent permeabilities 307 (see Fig. 9 ) [19] . When Df is small (e.g., 1.3), the equivalent permeability varies by approximately 5 orders of 308 magnitude. The range of variation decreases to less than 2 orders of magnitude when Df becomes large (e.g., 309 1.7-1.8). With increasing Df, the influence of the random number decreases, which is reasonable because the 310 permeability of a model with only a few fractures can be affected more by the randomness of the trace length, 311 location and orientation of the fractures than models that contain many fractures (see Figs. 8(a) and 8(j)). By 312 taking the mean value of the results for each Df, we obtained an approximate curve that indicates that the changes 313 in equivalent permeability with Df follows an exponential law. 314 The results showed that the correlation of fracture number and fracture length based on the proposed fractal 348 length distribution in this study agrees well with reported values from the literature, which confirmed the 349 reliability of the proposed length distribution approach. Comparisons of the fractal dimension Df between the 350 values calculated using the box-counting method and the theoretical values agree with each other, which verified 351 the validity of the fractal DFN models that were developed using the proposed fractal length distribution. When Df 352 is small (e.g., less than 1.5), fluid flow mainly occurs in a few long fractures that are subparallel to the flow 353 direction and particularly in the fractures that intersect the inlet and outlet boundaries of the models. When Df 354 exceeds a certain value (e.g., 1.5), the flow rate distribution becomes more homogeneous, and shorter 355 non-persistent fractures dominate the preferential flow paths. The equivalent permeabilities of models generated 356 using different random numbers vary significantly with changes of Df when Df is small (e.g., less than 1.5), and 357 they become more stable when Df is relatively large (e.g., greater than 1.6). This behavior is consistent with the 358 observations of the flow paths, which show that the models become more homogeneous at larger values of Df. 359 Therefore, a mathematical expression between the equivalent permeability K and the fractal dimension Df (e.g., 360
the exponential relationship presented in this study) can be expected to be applicable for models with large values 361 
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[16] Kulatilake P, Um J. Requirements for accurate quantification of self-affine roughness using the roughness-length method. Yu et al.
[20] approximately 20% lower than the model that did not consider the tortuosity.
Zou et al. They derived an analytical expression for the gas permeability in dual-porosity media based on the pore size of the matrix and the diameter of the mother channel of embedded fractal-like tree networks.
They found that for a certain fracture network, the dimensionless permeability K + , which is defined as the ratio of the porous matrix permeability Km to the fracture network permeability Kf, increases with increasing matrix porosity ε. 
